In this paper we study strongly graded coalgebras and its relation to the Picard group. A classification theorem for this kind of coalgebras is given via the second Doi's cohomology group. The strong Picard group of a coalgebra is introduced in order to characterize those graded coalgebras with strongly graded dual ring. Finally, for a Hopf algebra H we also characterize the H * -Galois coextensions with dual H-Galois extension solving the question proposed in [7] .
Introduction
In the theory of coalgebras and Hopf algebras, the notion of graded coalgebra appears in a natural way and many important examples exist (symmetric algebras, path coalgebras, dual of group algebras, etc). These coalgebras are normally graded by Z Z and the components of negative degree are zero. An study of coalgebras graded by an arbitrary group has been carried out in [5] , [4] , [6] , [12] , and [13] . The notion of strongly graded coalgebra plays an special role in this theory since they present several interesting differences with the dual concept of strongly graded ring. It emphasizes that a strongly graded coalgebra is necessarily graded by a finite group, and that the graded dual ring is not, in general, strongly graded. Another reason to go deeply into the study of this to [16] . C always denotes a coalgebra with comultiplication ∆ C and counit ε C . M C is the category of right C-comodules, and for M ∈ M C , ρ M : M → M ⊗ C is the C-comodule structure map. Given M, N ∈ M C , Com −C (M, N ) is the space of all C-colinear maps from M to N . For a (C, D)-bicomodule M , ρ + : M → M ⊗D denotes the right D-comodule structure map and ρ − : M → C ⊗M denotes the left C-comodule structure map.
Morita Theory for coalgebras (see [17] ): Let M be a right C-comodule and N a left C-comodule with structure maps ρ M and ρ N respectively. The cotensor product M 2 C N is the kernel of the map 
The context is said to be strict if both f and g are injective (equivalently, isomorphisms). The following result, due to Takeuchi, characterizes the equivalences between two categories of comodules, [17, Prop. 2.5, Th. 3.5]:
The following assertions are equivalent:
ii) M is a quasi-finite injective cogenerator as a right D-comodule and e −D (M ) ∼ = C as coalgebras.
iii) There is a strict Morita-Takeuchi context (C, D, M, N, f, g) When the conditions hold, the inverse equivalence is given by −2 D N :
In this case C and D are called Morita-Takeuchi equivalent coalgebras.
The Picard group (see [18] ): A (C, C)-bicomodule M is called invertible if there is a (C, C)-bicomodule N and two bicomodule isomorphisms f :
The Picard group of C, denoted by P ic(C), was introduced in [18] and it is defined as the set of all bicomodule isomorphism classes The cocenter (see [19] ): Let C be a coalgebra. If we view C as a right C e -comodule (C e = C op ⊗ C), then C is quasi-finite. The co-endomorphism coalgebra Z(C) = e −C e (C), called the cocenter of C, verifies the following properties:
i) Z(C) is a cocommutative coalgebra with a surjective coalgebra map 1 d : C → Z(C) which is cocentral, i.e., 
ii) For any cocentral coalgebra map f : C → D, there exists a unique coalgebra map g :
Proof: M is a (Z(C), C e )-bicomodule with the structure maps ω
where τ is the twist map. By the universal property of the co-endomorphism coalgebra, there is a unique coalgebra map λ : e −C e (M ) → Z(C) such that the following diagram commutes:
We are going to prove that λ is an isomorphism. M is a (e −C e (M ), C)-bicomodule via θ and ρ + , and a (e −C e (M ), C op )-bicomodule via θ and τ ρ − . Then, (θ⊗1)ρ + = (1⊗ρ + )θ, and (θ⊗1)τ ρ − = (1⊗τ )(1⊗ρ − )θ. Applying (1⊗τ ) to the last equality, we obtain:
By the universal property of the co-endomorphism coalgebra e −C (M ), there is a unique coalgebra map α : e −C (M ) → e −C e (M ) such that the following diagram is commutative (θ is the canonical map associated to e −C (M )):
Since M is invertible, we may identify e −C (M ) with C and θ with ρ − . Then
We check that α is cocentral.
It follows that (α ⊗ 1)τ ∆ = (α ⊗ 1)∆; i.e., α is cocentral. Now, by the universal property of the cocenter, there is a unique coalgebra map β :
We see that β is the inverse of λ. We know that θ = (α⊗1)ρ
It follows that βλ = 1 e −C e (M ) and λβ1
Moreover, if f is an isomorphism, then α is a unit in Z(C) * .
Proof: By the above lemma, we may identify e −C e (M ) with Z(C) and θ
M is a right C e -comodule and f a C e -comodule map. There is a unique linear map α : Z(C) → k such that the following diagram is commutative:
This gives the first part. As f = 1 M then the map α is the counit ε : Z(C) → k. Suppose that f is an isomorphism and α : Z(C) → k is the associated linear map to f −1 .
where · denotes the convolution product in Z(C) * . On the other hand,
From the uniqueness, it follows that α · α = ε. Similarly, α · α = ε.
Corollary 2.4 Let C be a coalgebra. The dual Z(C) * is equal to the center of C * , Z(C * ).
where we have used that 1 d is cocentral. Hence Z(C)
It is well known that (2) . By restricting this map to Z(C * ), there is an isomorphism between Z(C * ) and Com C−C (C, C), the space of (C, C)-bicomodule
In the next section we will use the Picard group in the study of graded coalgebras. For this reason, we include a brief paragraph with several facts on graded coalgebras. For other results on graded coalgebras we refer to the reader to [12] , [4] , or [5] .
Graded coalgebras: In the sequel G will denote a group with identity element e. A coalgebra C is called a G-graded coalgebra if C admits a decomposition as a direct sum of spaces C = ⊕ σ∈G C σ such that:
For any σ ∈ G we write π σ : C → C σ for the canonical projection and i σ : C σ → C for the inclusion map.
1) If σ, τ ∈ G there exists a unique linear map u σ,τ :
4) If we write ∆ e = u e,e : C e → C e ⊗ C e , then (C e , ∆ e , ε) is a coalgebra and π e : C → C e is a coalgebra map. Moreover, C σ is a (C e , C e )-bicomodule with structure maps ρ + = u σ,e and ρ − = u e,σ .
As u σ,τ : C στ → C σ ⊗ C τ are injective for all σ, τ ∈ G, C = ⊕ σ∈G C σ is called a strongly graded coalgebra. In this case all C σ are invertible (C e , C e )-bicomodules with inverse C σ −1 , [12, Cor. 5.5]. Graded crossed coproducts, studied in [4] , are a particular case of strongly graded coalgebra. A graded coalgebra C = ⊕ σ∈G C σ is called a graded crossed coproduct if for any σ ∈ G, there are linear maps u σ :
Cofactor sets and cohomology
Let C be a coalgebra and P ic(C) its Picard group. Recall from [18, Th. 2.10] that there is a group homomorphim Φ : P ic(C) → Aut(Z(C)) defined as follows:
Suppose now that G is a finite group and Π : G → P ic(C) is a group homomorphism. For any σ ∈ G, we will write [M σ ] instead Π(σ). Z(C) has structure of left (kG) * -comodule coalgebra with the coaction
where {p σ : σ ∈ G} is the dual basis of {σ : σ ∈ G}. We consider the second Doi's cohomology group H 2 (Z(C), (kG) * ) (see [8] or [11] ) defined as follows: any linear map α :
which verifies the cocycle condition:
is said to be a coboundary if there exists a convolution invertible linear map α :
for all x, y ∈ G, c ∈ Z(C). The set of coboundaries, denoted by B 2 (Z(C), (kG) * ) is a subgroup of Z 2 (Z(C), (kG) * ) and the second Doi's cohomology group is defined as
we can choose a representative element which verifies the normalized cocycle condition.
The set of cofactor sets associated to Π will be denoted by F s (Π). For F ∈ F s (Π), a strongly graded coalgebra C F, Π, G may be defined as follows (see [9, p. 39 
Following [9] , C F, Π, G is called a divisorially graded coalgebra but the definition there is much more general. Divisorially graded coalgebras are defined respect to a torsion theory T in M C . Our definition coincides with that when the torsion theory is the trivial one T = {0}. In this case the class of divisorially graded coalgebras is just the class of strongly graded coalgebras with component of degree e isomorphic to C.
is a group homomorphism and the family U = {u σ,τ } σ,τ ∈G of canonical C e -bicomodule maps u στ : C στ → C σ 2 Ce C τ is a cofactor set associated to Π. Moreover, C = C e U, Π, G as graded coalgebras.
, is a group under the multiplication X * Y = X ∧Y with identity element Ker(p). This group is called the class group of C respect to D.
There is a canonical map from
We define a map η :
In this way, we have two D-bicomodule maps
) is a strict Morita-Takeuchi context. By [17, Th. 2.5], f and g are isomorphisms, and so [C/X] ∈ P ic(D).
We can not claim, in general, that the map can : I(C, D) → P ic(D), X → [C/X] is a group homomorphism. However, it is true when C is injective as a right D-comodule via p, and the map∆ :
is an isomorphism (this happens if p is a coflat monomorphism, see [14] ). Let X, Y ∈ I(C, D) and define η : C → C/X2 D C/Y as before. The kernel of η is X ∧ Y and denoting by q X : C → C/X, q Y : C → C/Y the canonical projections, the following square is commutative:
Since C and C/X are injective as a left and right D-comodules respectively, the functors −2 D C, C/X2 D − are exact. Thus q X 21 and 12q Y are surjective. It follows that η is surjective. Hence,
Let G be a finite group and π : G → I(C, D) be a group homomorphism. We set π(σ) = X σ for all σ ∈ G. Let Π = canπ : G → P ic(D). The family F = {f σ,τ } σ,τ ∈G where
is a cofactor set associated to Π. The strongly graded coalgebra R(Π) = D F, Π, G is called the generalized Rees coalgebra associated to Π.
3.-Let Aut(C) be the group of automorphisms of the coalgebra C. An automorphism f ∈ Aut(C) is said to be inner if there is a unit u ∈ C * such that f (c) = (c) u(c (1) )c (2) u −1 (c (3) ) for all c ∈ C. The group of inner automorphisms of C, Inn(C), is a normal subgroup of Aut(C) and the factor group Out(C) = Aut(C)/Inn(C) is called the group of outer automorphisms of C. If f ∈ Aut(C), f C 1 is the (C, C)-bicomodule defined as follows: f C 1 = C as right C-comodule and the left comodule structure map is ρ − = (f ⊗ 1)∆. From [18, Th. 2.7] we recall that there is an exact sequence:
where ω(f ) = [ f C 1 ] for all f ∈ Aut(C). Hence, ω induces a group monomorphism from Out(C) to P ic(C). We say that C has the Aut-Pic property if ω is surjective. In this case P ic(C) ∼ = Out(C). An study of coalgebras having AutPic property was carried out in [3] . It was proved that basic coalgebras have the Aut-Pic property, see [3, Th. 2.6]. We remember from [1] that a coalgebra is said to be basic if the dual of any simple subcoalgebra is a division algebra. In particular, pointed or cocommutative coalgebras are basic coalgebras, and then they have the Aut-Pic property. Let G be a finite group, and suppose that there is a group homomorphism π : G → Aut(C). For σ ∈ G, we write π σ instead π(σ). Let Π : G → P ic(C) be the composite of π with ω : Aut(C) → P ic(C). For σ, τ ∈ G, consider the C-bicomodule isomorphism
The family F = {f σ,τ } σ,τ ∈G is a cofactor set associated to Π. Proposition 3.3 Let Π : G → P ic(C) be a group homomorphism, and F = {f x,y } x,y∈G a cofactor set associated to Π. Let α ∈ Z 2 (Z(C), (kG) * ) a normalized cocycle. Given λ, µ ∈ G and m ∈ M λµ , we define
Then α F = {g x,y } x,y∈G is a cofactor set associated to Π.
Proof: In order to prove that α F is a cofactor set associated to Π, we need several previous facts.
Let µ, λ, τ ∈ G, and f µλ,τ : M µλτ → M µλ 2 C M τ the C-bicomodule isomorphism. For any m ∈ M µλτ , we can set f µλ,τ (m) = i m i ⊗ n i . Using that f µλ,τ is a bicomodule map, from
we deduce the formula,
Similarly, if we set f µ,λτ (m) = j m j ⊗ n j for any m ∈ M µλτ , then
Since (f µ,τ 21)f µλ,τ = (12f λ,τ )f µ,λτ , then
Applying ρ − ⊗ 1 and the fact that f µ,λ is a bicomodule map,
Finally, applying ∆ ⊗ 1 ⊗ 1, we obtain
(5) On the other hand, since f µ,λτ (m) = j m j ⊗ n j ∈ M µ 2 C M λτ we have that
Now, we are ready to check that α F is a cofactor set.
Let ω : M e → C be the isomorphism given together the cofactor set F = {f λ,µ } λ,µ∈G . Then, (12ω)f λ,e (m) = (m) m (0) ⊗ m (1) . Now, using this and the normalized cocycle condition of α, we have:
Similarly, (ω21)f e,λ = ρ − .
Proposition 3.4 Let Π : G → P ic(C) be a group homomorphism and F = {f λ,µ } λ,µ∈G , G = {g λ,µ } λ,µ∈G two cofactor sets. Then there is a unique α ∈ Z 2 (Z(C), (kG) * ) such that
Proof: Given λ, µ ∈ G, consider the C-bicomodule map g −1 λ,µ f λ,µ : M λµ → M λµ . By Proposition 2.3, there exists a unique linear map α λ,µ ∈ U (Z(C) * ) such that
We set g λ,µτ (m (0) ) = i m i ⊗ n i . Since g λ,µτ is a C-bicomodule map,
Applying (1212g µ,τ ) yields:
A similar equality follows for g λµ,τ (m (0) ) = j m j ⊗ n j . Again from Proposition 2.3, we may find a unique β ∈ U (Z(C) * ) such that
The uniqueness of β yields, β = α λ,µτ · (α µ,τ Φ M λ −1 ). On the other hand,
From the uniqueness of β it is deduced that
which is just the cocycle condition for α defined as
Proposition 3.5 In the conditions of the above proposition, the map α ∈ B 2 (Z(C), (kG) * ) if and only if there is a C-bicolinear isomorphism of graded coalgebras from C F, Π, G into C α F, Π, G .
Proof: Suppose that α ∈ B 2 (Z(C), (kG) * ), then there is a convolution invertible map β :
We check that η = ⊕ σ∈G η σ is a C-bicolinear isomorphism of graded coalgebras.
It is not difficult to see that it is C-bicolinear.
where we have set f a,
Assume that σ = e, then ε(m) = 0 = εη(m). If σ = e, then,
Let σ, τ ∈ G be fixed, and
On the other hand,
Since η is a coalgebra map, f σ,τ an isomorphism, and β στ is unique, we obtain that
Let P = {C F, Π, G } F∈Fs(Π) be the set of divisorially graded coalgebras. We denote by C(C, Π) the set of isomorphism classes of divisorially graded coalgebras. D, D ∈ C(C, Π) are isomorphic if there exists a C-bicolinear isomorphism of graded coalgebras from D into D . If
Moreover, f and g are naturally isomorphic to F and G respectively.
A subgroup of P ic(C) can be defined by considering invertible bicomodules which are ingenerators. Proof: i) If M is finitely cogenerated, it is clear that M * is finitely generated. Conversely, suppose that M * is finitely generated, then there is a finite dimensional vector space W and a surjective C * -module map g :
be a basis for W and {e * i } n i=1 its dual basis in W * . For m ∈ M, we definē
It is easy to check thatḡ is a C-comodule map. We claim that the following diagram is commutative:
It follows thatḡ is injective and hence M is finitely cogenerated.
ii) It was remarked in [10, p. 319 ] that if M is an ingenerator, then M * is a progenerator. The converse straightforward follows from i).
iii) Since M is an invertible (C, C)-bicomodule, by [17, Th. 3.5] , M C is a quasi-finite injective cogenerator if and only if C M is so. If C M is an ingenerator, then M * is a progenerator as left C * -module. Since M * is an invertible (C * , C * )-bimodule (Theorem 4.1), from classical Morita theory, M * is a progenerator as right C * -module. From ii), M C is an ingenerator.
In view of Theorem 2.1 a), P ic s (C) represents the set of strong self-equivalences of M C . P ic s (C) is a subgroup of P ic(C) since any strong equivalence maps ingenerators to ingenerators. If C has finite dimensional coradical, then P ic s (C) = P ic(C). Note that the image of ω in (2) lies in P ic s (C). In particular if C has the Aut-Pic property, then P ic s (C) = P ic(C) = Out(C). From Theorem 4.1 follows that:
s (C) may be viewed as a subgroup of P ic(C * ).
We apply the theory of the Picard group to the study of strongly graded coalgebras. We give an hypothesis to characterize those graded coalgebras with strongly graded dual ring. We recall from [12] the notion of graded dual ring. Let C = ⊕ σ∈G C σ be a graded coalgebra. For any σ ∈ G we put R σ = {f ∈ C * | f (C τ ) = 0 f or all τ = σ}, (note that R σ ∼ = C * σ as vector spaces). We define R = σ∈G R σ = ⊕ σ∈G R σ . R is a G-graded ring with the convolution product and unit ε. R is called the graded dual ring of the graded coalgebra C. A graded coalgebra having a strongly graded dual ring is necessarily strongly graded by [4, Cor. 2.2] . However, the converse is not true, see example below. The strong Picard group allows us to characterize those coalgebras having a strongly graded dual ring.
Proposition 4.5 Let C = ⊕ σ∈G C σ be a strongly graded coalgebra and Π :
i) The graded dual ring R = ⊕ σ∈G R σ is strongly graded with canonical group homomorphism Π * = (−)
ii) Let F s (Π * ) denote the set of factor set associated to Π * , and C(R e , Π * ) the set consisting of isomorphism classes of strongly graded rings R e F, Π * , G with F ∈ F s (Π * ). Then, C(C e , Π) ∼ = C(R e , Π * ) as sets. 
Theorem 4.6 Let C = ⊕ σ∈G C σ be a graded coalgebra and R = ⊕ σ∈G R σ its graded dual ring. R is strongly graded if and only C is strongly graded and Im(Π) ⊆ P ic s (C e ). Equivalently, C is finitely cogenerated as right C e -comodule.
Proof: Suppose that C = ⊕ σ∈G C σ is a strongly graded coalgebra and let Π : G → P ic(C e ), σ → [C σ ] be the canonical group homomorphism. By hypothesis, Im(Π) lies in P ic s (C e ). From Proposition 4.5, the dual graded ring R = ⊕ σ∈G R σ is strongly graded.
Conversely, let C = ⊕ σ∈G C σ be a graded coalgebra such that the graded dual ring R = ⊕ σ∈G R σ is strongly graded. From [4, Cor. 2.2], C is a strongly graded coalgebra. Then, all C σ are invertible (C e , C e )-bicomodules. Since R is strongly graded, by [15, Prop. I.3.6], C * σ ∼ = R σ is an invertible (R e , R e )-bimodule for all σ ∈ G. By Lemma 4.3, C σ is an ingenerator and thus Im(Π) ⊆ P ic s (C e ).
Since C = ⊕ σ∈G C σ is a strongly graded coalgebra, the group G is necessarily finite (see [12, Cor. 6.4] ). All C σ are finitely cogenerated as right C e -comodule if and only if C is finitely cogenerated as right C e -comodule via the projection π e : C → C e .
This result improves [12, Prop. 6.2] where C σ were asked to be of finite dimension for all σ ∈ G. If C e is finite dimensional, from the foregoing theorem, we deduce that C is finite dimensional (note that G is finite). Thus we rediscover [4, Cor. 2.4].
Corollary 4.7 Let C = ⊕ σ∈G C σ be a strongly graded coalgebra. If P ic s (C e ) = P ic(C e ), then R = ⊕ σ∈G R σ is a strongly graded ring.
In particular the graded dual ring of a strongly graded coalgebra having degree e component with finite dimensional coradical is strongly graded. Also, as C e has the Aut-Pic property the dual graded ring is strongly graded since P ic(C) = P ic s (C) ∼ = Out(C). In this case we may say more on these coalgebras. These are precisely the graded crossed coproducts. Theorem 4.8 Let C = ⊕ σ∈G C σ be a strongly graded coalgebra and suppose that Im(Π) ⊆ Out(C e ). Then, C is a graded crossed coproduct.
Proof: By Proposition 4.5 i), the dual graded ring R = ⊕ σ∈G R σ is strongly graded. By hypothesis, for each σ ∈ G, we may find an automorphism f σ : C e → C e such that C σ ∼ = fσ C e1 as (C e , C e )-bicomodules. Denote this isomorphism by θ σ : C σ → fσ C e1 . The dual map θ * σ : f * σ R e1 → R σ is an isomorphism of (R e , R e )-bimodules (f * σ : R e → R e is the dual of f σ ). We set u σ = θ * σ (ε). Since θ * σ is a R e -bimodule map, R σ = R e ·u σ = u σ · R e . By hypothesis, R is a strongly graded ring, so that R σ · R σ −1 = R e . Hence u σ · R e · u σ −1 = R e and u σ −1 · R e · u σ = R e for all σ ∈ G. Let φ, ψ ∈ R e such that u σ · φ · u σ −1 = ε and u σ −1 · ψ · u σ = ε. We write v σ = φ · u σ −1 = u σ −1 · ψ, then for c ∈ C e we have that: v σ (π σ −1 (c 1 ))u σ (π σ (c 2 )) = ε(c), which just means that C is a graded crossed coproduct.
Corollary 4.9 Let C = ⊕ σ∈G C σ be a graded coalgebra such that C e has the Aut-Pic property. Then C is a graded crossed coproduct. We end this paper by giving an example of coalgebra such that its strong Picard group is a proper subgroup of the Picard group. Examples 4.12 [4, Ex. 2.3] Let X be an infinite set and C = kX be the grouplike coalgebra. Consider the family of simples comodules S x = kx for x ∈ X, and let P = ⊕ x∈X S (nx) x where {n x } x∈X is a non-bounded set of natural numbers. P is a quasi-finite injective cogenerator and it has associated a Morita-Takeuchi context (C, D, P, Q, f, g) where D = e −C (P ) and Q = h −C (P, C). Associated to this context there is a matrix coalgebra (see [5, Section 2] )
which is a Z Z 2 -graded coalgebra by setting
It was proved in [4, Ex. 2.3 ] that E = E 0 ⊕ E 1 is a strongly graded coalgebra with non strongly graded dual ring R = R 0 ⊕ R 1 . By Corollary 4.7, P ic s (E 0 ) = P ic(E 0 ). From Theorem 4.6, E 1 may not be finitely cogenerated as E 0 -comodule.
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